I. INTRODUCTION
Investigating the long time scale dynamics of rare events in complex biomolecular systems provides a challenge for molecular dynamics simulations. Typically, a biomolecular system spends most of the time in (meta)stable states and only occasionally jumps between these states. When using straightforward molecular dynamics simulation to investigate such rare events, a large amount of computer time will be wasted on sampling the metastable states. In the case of protein folding and unfolding, this waiting time can easily becomes microseconds to seconds, a time beyond even the capability of the most powerful modern super computer. Therefore, the investigation of the dynamics of such rare events necessitates the application of novel simulation algorithms. In the past decades, many algorithms have been developed to assess rare protein conformational transitions, for instance by umbrella sampling, 1 flooding, 2 local elevation, 3 adaptive bias force, 4 metadynamics, 5 replica exchange, 6 milestoning, 7 string method, 8 and many others. One such approach, transition path sampling (TPS) (Refs. 9-12) resolves the rare event problem by focusing only on the transition paths between stable states. TPS does this by generating an ensemble of unbiased dynamical trajectories connecting an initial with a final stable state. The advantage of TPS is the relative independence from an a priori choice of order parameters or reaction coordinate that describing the transition. Rather, the reaction coordinate can be extracted from the simulation results. The method has been successfully applied to various two-state systems 11, 13, 14 previously (see, e.g., Ref. 15 for a review). One drawback of the regular two state version of TPS is that, once there are more than two (meta)stable or intermediate states, trajectories will be attracted to those additional states and become trapped, which severely decreases the efficiency of the method. A remedy for this drawback is the recently developed multiple state transition path sampling (MSTPS), 16 which extends TPS by including all possible a) Author to whom correspondence should be addressed. Electronic mail: p.g.bolhuis@uva.nl. transition paths between any two stable or intermediate states in the path ensemble. In Ref. 16 , it is shown that the MSTPS method is more efficient than the two state TPS method. While TPS samples dynamical paths, information about rate constants is only available through a reversible work calculation of slowly constricting pathways leaving the initial stable to end at the final state. 9 Introduction of the transition interface sampling (TIS) method accelerated this computation considerably by measuring the effective positive flux through a series of interfaces between the initial and final states. 17 Reference 16 also introduced a multiple state version of TIS (MSTIS) and applied it to a simple 2D system.
The aim of this work is to show that the MSTPS/MSTIS framework can be applied to biomolecular systems and allows the evaluation of the full rate matrix. To that end, we apply the MSTIS method to a small prototypical biomolecule, the alanine dipeptide. Alanine dipeptide in aqueous solution has been widely used to test new simulation and sampling algorithms. [18] [19] [20] [21] [22] [23] Despite its simplicity, it exhibits several multiple metastable states when solvated in explicit water, with transition rates between these states on the order of nanoseconds.
Chodera et al. 18 computed the transition matrix of alanine dipeptide conformational changes directly using straightforward molecular dynamics. The authors found that the alanine peptide configuration space could best be divided into 6 metastable states. This division in states leads to a Markov state model (MSM) in which the molecular kinetics can be summarized as stochastic transitions between the states. 24 Using the same division into six states, we compute the rate matrix using MSTIS, and compare it with these previous results. As some transition are much more abundant than others, one can combine states, to reduce the complexity of the rate matrix.
The paper is organized as follows. We first describe the theoretical background in Sec. II. In Sec. III, we present and discuss our MSTPS/MSTIS results. We end with concluding remarks.
II. METHODS

A. Multiple state transition path sampling
Two-state transition path sampling
In this section, we briefly review the TPS methodology. A TPS simulation performs a Monte Carlo random walk in trajectory space. A dynamical trajectory x(L) = {x 0 , x 1 , . . . , x L } is discretized in time by a time-step t into L + 1 slices x τ . Each time slice x τ = {r τ , p τ } contains all positions r and momenta p of all N particles in the system at time t = τ t. The probability P AB [x(L)] for a path of a fixed length L connecting the initial state A and the final state B is given by
P[x(L)] is the dynamical probability of the discretized path x(L), while h (x) denotes an indicator function that is unity when x ∈ , i.e., x is inside a stable state and zero otherwise. The product h A (x 0 )h B (x L ) thus guarantees that the probability is non-zero only when a path starts from A and ends in B. The normalization factor Z AB is akin to a partition function. The dynamical path probability P[x(L)] is given by
where p(x τ → x (τ +1) ) represents the Markovian probability for transitions from a phase point at time τ to one at time τ + 1 (e.g., a delta function for molecular dynamics, or a Gaussian for Langevin dynamics 9 ). All trajectories that connect the two defined stable states form the path ensemble, which plays a key role in TPS as the representation of the system's rare event. A definition of reaction coordinate is not necessary in TPS, but the reactant A and product B should be defined properly by order parameters. These order parameters should be chosen such that the two states can not only be distinguished from each other, but also that each state lies inside the basin of attraction of that stable state. 15 The shooting algorithm 9 can efficiently sample the path ensemble by selecting a random slice, changing the momenta slightly and shooting off a new direction forward and backward in time. Each path that still connects A with B can be accepted in the Monte Carlo procedure.
Based on TPS, the TIS algorithm for calculating rate constants between two states requires the definition of a series of hyper-surfaces or "interfaces" {x : λ(x) = λ s } with λ s ∈ R. 17 TIS thus requires an order parameter λ that parametrizes the rare event. The definition of this order parameter here is not as strict as a reaction coordinate, but it has to vary monotonically from reactant to product. In TIS, the rate constant k AB for the A → B transition is then expressed as
Here, φ 1 is the average flux out of state A through interface λ 1 , which, in practice, can be obtained from an MD simulation by establishing the number of times the system crosses λ 1 , coming directly from A, per unit time. P A (λ B |λ 1 )
is the conditional "crossing" probability that a path from A has crossed interface λ 1 and reaches state B before returning to A. This crossing probability, which is naturally very small as we are considering a rare event, can be replaced with the product of n crossing probabilities in Eq. (3). One can compute P A (λ s+1 |λ s ) for a particular TIS interface λ s as the fraction of paths coming out of state A and crossing λ s , that also cross the next interface λ s+1 before going back to λ s . Note that the final interface λ n = λ B .
Multiple state TPS/TIS
The standard TPS scheme assumes the presence of only two stable states. Many complex systems might have additional (meta)stable states that can trap the trial trajectories during the shooting move, thus making it difficult to sample paths between two specific stable states. The multiple state TPS/TIS method 16 resolves this problem by sampling the ensemble of pathways that connect any two of the stable states in the system instead of focusing on only two of the stables states. The path sampling algorithm simply accepts any path between two valid metastable states i = j . (For a detailed description see Ref. 16 ).
Reference 16 also introduces a scheme to compute the rate constants k ij between any pair of stable states in the system. Each of the stable states i is assigned a set of m λ siinterfaces, with 0 ≤ s ≤ m. λ mi is thus the "outermost" interface for stable state i. The multiple state TIS ensemble for paths between state i and any other state j is then
where Z TIS is a normalization factor. The indicator functions h i (x 0 ) and h j (x L ) ensure again that the paths begin in state i and end in j , respectively. The product overh k [x(L)] is unity only when each configuration x along the path is outside each of the stable state definitions and zero otherwise, thus guaranteeing that except for the end points, the paths do not visit any of the stable states. This requirement is necessary, because we use the TIS flexible path length convention, i.e., the path length is determined by the first entering point of any stable state. The functionĥ m i [x(L)] is unity for paths that cross the outermost interface λ mi and vanishes otherwise. Note that the initial and final state can also be the same, i.e. i = j as long as λ mi is crossed. Analogous to Eq. (3) the rate constant k ij for transitions from a state i to a state j is
Here, the flux through the outermost λ mi -interface φ mi follows from a "regular" TIS simulation using the set of λinterfaces for a given state i
P i (λ 0j |λ mi ) is the crossing probability for a path that crosses λ mi coming directly from i to reach state j before returning to i, and follows directly from the multiple state transition path sampling ensemble
where the integrals are over all paths regardless of length. This probability can be estimated from the number of pathways n ij starting in i, crossing λ mi and ending in j , divided by all pathways starting in i and crossing λ mi . From the expression for the rate constants for transitions between all stable states i and j in Eq. (5) it follows that the flux φ mi in Eq. (6) only has to be calculated once for each stable state i. All remaining crossing probabilities can be obtained simultaneously within one multiple state TIS simulation.
The rate constant matrix hence consists of 3 factors,
that are determined, respectively, by a straightforward MD simulation, a TIS for each state, and a multiple state TIS simulation. The shooting move for MSTIS is done in the regular way, by accepting any path that connects two stable states i and j , provided it crosses the interface λ si .
Combining stable states
A potential problem with a multiple state approach is that the free energy barriers between pairs i and j might be different in height. This will favor paths between the pairs i and j that have the lowest free energy barrier. When the barriers are roughly of the same height, this is not a problem as then all possible paths are equally represented in the ensemble. However, for widely varying barriers, one transition might dominate the ensemble. This dominance might be avoided by applying the Wang-Landau scheme advocated in Ref. 16 and explored in Ref. 25 (Recently this Wang-Landau scheme was also applied in the TPS framework 26 ). Another possibility is to exclude the most dominant transition, i.e., those with very low barriers. Ideally, this should be done automatically based on the frequency of sampling. Alternatively, we can view the sets of states separated by low barriers as a single combined state, as interconversion between these states will be fast compared to the higher barriers. For instance, state α and α can be combined into one state α with an indicator function h α [x] which is unity if x ∈ α = α ∪ α and zero otherwise. Special care needs to be taken for defining the TIS interfaces for such combined states. One possible combined interface definition is shown in Fig. 1 . The order parameters λ s , λ s denote the distance to the center of respectively α and α in some metric. These distances define interfaces {x : λ (x) = λ s } and {x : λ (x) = λ s } for both states. We can combine these interfaces through the envelope of the hypersurface, i.e., {x : bined interface is thus defined by the distance λ s to the center of the nearest sub-state in the combined state.
The shooting move using the combined state interface and state definitions is straightforward. Each path has to start in α = α ∪ α , end in any state, and cross the combined interface, i.e., at least one time slice x should obey min[λ (x), λ (x)] > λ s .
Note the combination rule can be easily generalized to a set of l sub-states and corresponding distance order parameters λ(x) = {λ 1 (x), λ 2 (x), ...., λ l (x)} leading to the interface definition {x : min[λ(x)] = λ s }.
B. Simulation details
System setup and equilibration
All energy minimization and molecular dynamics simulations were performed with the GROMACS package (version 4.0.5) (Refs. 27-30) using the AMBER96 force field. 31 single alanine dipeptide molecule (Ace-Ale-NME, see Fig. 2 ) was solvated by 620 TIP3P water molecules 32 in a truncated octahedral periodic box. The non-bonded van der Waals cutoff radius was 1.1 nm. The LINCS algorithm handled bond constraints, 33 and fast Particle-Mesh Ewald method treated long-distance electrostatic interactions. 34, 35 The system was energy minimized using steepest descent energy minimization followed by conjugate gradient optimization. A 10 ps position restricted MD simulation was performed, followed by a 1 ns equilibration run at constant temperature and constant pressure of respectively, 300 K and 1 atm. The time step was 2 fs. The temperature was kept constant with the Nose-Hoover thermostat, 36, 37 and the pressure was maintained by a Parrinello-Rahman barostat. The average box size from this constant pressure simulation provided the proper box size (d = 2.92160 Å) to run the constant volume simulations.
Replica exchange molecular dynamics
To initialize MSTPS, we need definitions of the various metastable states of the alanine dipeptide. One way to obtain these beforehand, is by performing a very long MD simulation, or by accelerating methods such as replica exchange MD. Replica exchange molecular dynamics (REMD) (Ref. 39) can enhance the sampling of biomolecules with rough free energy surfaces by simulating n replicas at different temperatures and occasionally exchanging the replicas. In each replica, the velocity rescaling thermostat with a stochastic term is employed for temperature coupling. Every 1 ps, n(n − 1) exchanges between any random pair of replicas were attempted. The acceptance rule for exchanging each pair of selected replicas (1 and 2) is given by
where k B represents Boltzmann constant, T 1 and T 2 are temperatures of the two selected replicas, while E 1 and E 2 are their potential energies. The configurations of alanine dipeptide and system potential energy were written to disk every 0.1 ps.
To explore the free energy surface we ran a 20 ns REMD simulation with 24 replicas. The temperatures in these 24 replicas were chosen from a exponential distribution from 300 K to 500 K. The exchange move had an average acceptance ratio of 46%, based on first neighbor exchanges only (the total number of exchange trials is of course much larger). The free energy (in units of k B T ) is the negative logarithm of the probability histogram obtained by projecting the REMD trajectory data to suitable order parameters. We use the virtual move Monte Carlo method for better statistics. 40 
Path sampling simulation
The path sampling is performed by a perl-script wrapper around the GROMACS package. We employed the two-way shooting algorithm with flexible path length. Shooting points for generating trial paths are picked randomly from the previous accepted path with length L (o) and a new velocity will be assigned randomly for each atom at that point. The trial trajectories are generated with the Gromacs MD engine by integrating both forward and backward in time. The integration is stopped when a path reaches one of the stable states. When crossing the current interface, the trial path with a length L (n) can be accepted with the Metropolis rule
in order to obey detailed balance. 17
III. RESULTS AND DISCUSSION
A. Stable states and interfaces from REMD simulation
The free energy was obtained by projecting the REMD trajectory data onto two slow degrees of freedom, the dihedral angles φ and ψ, which have been widely used to investigate the free energy surface of the alanine dipeptide system. [19] [20] [21] [22] [23] The resulting free energy landscape is shown in Fig. 3 and shows six distinct energy minima. The landscape agrees well with a previous investigation employing the same force field and water type. 18 In Ref. 18 , six metastable states were identified by defining boxes in φ − ψ phase space, where each box contains one of the six minima. These six distinct energy minima will be used to define the metastable states in this work but now are based on the "core" definition. This definition is based on the distance in φ, ψ space to the free energy minimum. The order parameter for the stable states
) denotes the location of the minima in the free energy landscape. Based on the REMD free energy landscape, we locate the six minima A, B, C, D, E, and F at, respectively, (−150, 150), (−70, 135), (−150, −65), (−70, −50), (50, −100), and (40, 65) (in degrees), see Fig. 3 . The stables state i is defined by the set {x : λ i < λ 0i }. For simplicity, we set all stable state boundaries identical (λ 0A = λ 0B = λ 0C = λ 0D = λ 0E = λ 0F =10), i.e., a circle with a 10-degree radius. At first sight, this might seem unfit for a proper stable state definition. However, the most important criterion for a stable state definition is that trajectories should have a high probability of hitting the stable state definition when in the basin of attraction, not that they always have to stay within this definition. 12, 15 For each state, we 10  10  10  10  10  10  10  10  λ 1  20  20  20  20  20  20  20  20  λ 2  45  45  45  45  45  45  45  40  λ 3  65  65  60  60  65  65  55  45  λ 4  80  75  80  80  65  50  λ 5  75  60 can use this order parameter to define a series of interfaces, from the zeroth interface (the stable state boundaries λ 0i ) up to the outermost one (λ mi ). These interfaces are summarized in Table I . While the order parameter for each state is here defined in the same way, we stress that, in principle, one is free to a use different order parameter set for each state and its interfaces, provided that they separate and distinguish the stable states. Note that we assume, similar to previous studies, that the minima are sufficiently deep to cause a separation of time scales, and hence a meaningful rate constant for each transition. However, the barriers between states A and B as well as between states C and D are so low that crossings are very frequent, and the assumption of exponential kinetics might be invalidated. We therefore also consider a 4-state description with the combined states α = C ∪ D and β = A ∪ B. The interfaces for the combined states are constructed as described in Sec. II, and are located at positions listed in Table I .
B. Flux factor from MD
Ten blocks of 10 ns MD simulations are carried out to compute the effective positive flux for each of the six stable states at its first interface λ 1i , a 20-degree-radius circle centering on the state's central point(λ 1A = λ 1B = λ 1C = λ 1D = λ 1E = λ 1F =20). The calculated fluxes out of the first interfaces of stable states are given in the second column of Table II . In this effective positive flux computation, we only count the first crossing of λ 1i after the trajectory has escaped from the stable state i. The trajectory then first has to return to the stable state i before a new crossing can be counted. 17 The effective positive flux through the first interface is thus φ 1i = N 1i /t i where N 1i is the number of times that the system crosses λ 1i when directly coming from state i, and t i is the total residence time of state i, i.e., the total time the system stays in the basin of attraction of state i during the simulation. Note that this definition is slightly different from that of Ref. 17 , because for the alanine dipeptide system a MD simulation can relatively easily leave a state spontaneously, e.g., from state A to B. Fluxes for state A, B, C, and D are extracted from straightforward MD, while fluxes for state E and F are from paths biased to those two states as they are so rarely visited in regular MD.
From the straightforward MD, we also extracted the fluxes for the 4-state MSM at their respective first interfaces. For the combined states, for example β, the flux at the first interface is simply the number of transitions out of β = A ∪ B TABLE II. Flux at the first interface (second column), the crossing probability from the first to the outermost interface (third column) and the flux at the outermost interface (last column). The subscript value is the error in the last two reported digits. divided by the total time t β the system stays in β. Because the average residence times are additive t β = t A + t B , the flux is
provided the combined interfaces do not overlap.
C. Rate constants from MD
From the straightforward MD simulations, rate constants can be extracted directly by keeping track of the transitions between any pair of states. The rate constant i → j is then approximated by dividing the number of transitions between i and j by the total time the system spent in state i. This latter quantity is the time between first entering a stable state i coming from any other state, and entering any other state coming from i. Rate constants for transitions involving E and F are not available in this way, as these states are hardly visited.
In the same way, we also extracted the rate constants for the transitions involving the combined states α or β from the MD results.
D. Crossing probabilities P i (λ mi |λ 1i ) by TIS
We performed ten blocks of TIS simulations consisting of around 12000 shooting moves each, for all the stable state interfaces listed in Table I . The average acceptance ratio is 47%.
For each TIS simulation, we collected the crossing probability histograms P i (λ|λ si ) for interface λ s by averaging over the path ensemble:
where θ (x) is a step function, the . . . si denotes the average over the TIS path ensemble starting in state i and crossing interface λ si , and the λ max i function returns the maximum value of the order parameter belonging to state i along the path x(L). In Fig. 4 , we plot these histograms for state A, for each TIS simulation block. The histograms of the other states are shown in Appendix A. Note that the crossing probability histograms for each interface start at unity, as all paths in the ensemble have to cross that interface. Joining these histograms using weighted histogram analysis method (WHAM) (Ref. 41 ) results in master histograms for each state. The joint histogram for state A is shown in Fig. 4 , whereas for the other states, the histograms are shown in the right column Fig. 5 in Appendix A. These crossing probabilities all start at unity at the first interface, and quickly monotonically decay for higher values of λ. From these histograms follows the second factor in Eq. (8), the outer interface crossing probability P i (λ mi |λ 1i ). The crossing probabilities from the first interface to the outermost interface are listed for all states in the third column of Table II .
E. The crossing probability P i (λ 0j |λ mi ) by MSTIS
The last term in Eq. (8) P i (λ 0j |λ mi ) is the crossing probability from the outermost interface λ mi of state i to any other stable state j in the system. To establish these terms, we carry out multiple state TIS. To initialize the MSTIS simulation, we took a valid path crossing the λ mi interface. The MSTIS simulation consisted of 10 blocks of around 18000 shooting moves each. Paths that connect any pair of different stable state pair i = j are accepted. Paths that leave i and return to i are accepted as long as they cross the outermost interface of the state. As usual, the flexible path length algorithm requires the path not become longer than a maximum length, to obey detailed balance. The average acceptance ratio is 27%.
From the MSTIS path ensemble, we can extract the crossing probability matrix P i (λ 0j |λ mi ) using Eq. (7) . The path counts are summarized in Table III , where each line in the matrix lists the number of transition paths from one stable state to others. As the transition to E and F are rare due to the high barriers involved, we performed two MSTIS runs that biased the sampling towards the E and F states. The first run excludes the A→A, A→B, B→A, B→B and the C→C, C→D, D→C, D→D paths, while the second one only includes paths involving E or F. The path counts are summarized in Table III . The three matrices can be combined using WHAM. The 0  0  1447  7  C  0  0  0  0  37  2  E  97  1470  6079  651  D  0  0  0  0  1410  5  F  2918  9  642  880  E  73  23  30  1441  6079  651  F  109  2809  3  5 642 880 resulting crossing probability matrices are given in Table IV , where each row in the matrix lists the probabilities from the outermost interface of a certain stable state to all other stable states in the system. The 4-state crossing probability matrix required an additional MSTIS simulation as the state definitions are different. However, no additional simulation was needed to obtain the two biased matrices. We simply can extract a 4 × 4 matrix for states β, α, E and F from the 6-situation calculations by adding the path counts contributed by the different substates, as there are no transitions between A and B or C and D in those runs anyway. The 4 × 4 transition matrices are given in Table III , where each row in the matrices lists number of transitions starting from a certain stable state. Using WHAM on the three matrices, a transition probability matrix for the 4-state calculation is obtained, given in Table IV .
F. Rate constants
The rate constant matrix k ij was calculated from Eq. (8), where φ 1i was taken from the straightforward MD runs, while P i (λ mi |λ 1i ) from TIS calculations and P i (λ 0j |λ mi ) from MSTIS calculations. As we have ten blocks of data for each of the three factors in Eq. (8), the rate constant can be evaluated in two different ways. The first is to compute the rate constants for each data set followed by averaging those 10 rate matrices. The resulting rate constants are summarized in Table V . The rate matrices of the 4-state division can be obtained via two routes: either directly using Eq. (8), or by a reduction of the 6-state rate matrix using the procedure outlined in Appendix B. These two matrices are also given in Table V .
Alternatively, we can first average each of the three factors separately, and then compute the rate constant k ij by taking the product. The resulting matrices are given in Appendix C. The differences between the taking the average of the product and the product of the averages is within the reported error bar, indicating that the data sets are uncorrelated.
While the rates for the different computations are within each others error bar, there seems to be a significant difference between the rates in the middle and bottom matrices of Table V for transitions leaving state α or β. This difference might be due to the fact that that the barrier between A and B is probably not sufficiently high to have exponential kinetics and avoid correlations.
Note that while the MSTIS simulations successfully improved the sampling of (E,F)→(E,F) transitions, (E,F)→(β,α) transitions are still relatively rare, which sometimes makes the standard deviation of the rate constant significant (or even of the same order) compared to the rate constant itself.
Still, MSTIS is more efficient in calculating the rate constant at a fixed accuracy compared to straightforward MD. For each set of our 10-set calculation, MSTIS required a total of 402 ns (this includes 10 ns MD, 260 ns TIS and 131 ns MSTIS). A conventional MD simulation aiming for the same accuracy of the rare C-F transition, e.g., would need to sample at least a few tens of microseconds. Moreover, we did not attempt to optimize the computation, for instance, by changing the location of the interfaces. 42, 43 For alanine dipeptide, MSTIS is also more efficient than two state TIS because the switching of transitions induces faster decorrelation between paths. 16, 25 Moreover, MSTIS avoids the trapping of paths. Also, for two state TIS, the second and third terms of Eq. (8) need to be computed independently for each pair of states.
G. Comparison with previous work
As most studies within the existing literature on the rate constants for alanine dipeptide conformational change, e.g., Refs. 18-23, employ different force fields, set-up, state definitions or thermodynamic conditions, a direct comparison with our results is not very useful. The exception is the work of Chodera et al., 18 which we took as a basis for this work. Because we use the same force field, conditions, and moreover (more or less) the same stable state definitions, our rate constant estimates and free energy differences should be identical to those of Ref. 18 , as illustrated for several transi- 
IV. CONCLUSION
In this paper, we computed the rate matrix for the solvated alanine dipeptide system by MSTIS simulations. To our knowledge, this is the first report of a complete kinetic rate constant matrix of the solvated alanine dipeptide.
A current limitation of MSTIS is that all states should be defined prior to starting the simulation. In systems more complex than alanine dipeptide with possibly many (meta)stable states this might be a challenge. A way to improve the algorithm such that previously undefined states can be defined "on the fly". Another possible improvement of the method might be the combination with replica exchange TIS. 44, 45 While the aim of this paper was to provide a reasonably realistic application of a biomolecular system, we realize that the solvated alanine dipeptide is extremely simple. Nevertheless, we hope that MSTIS can enhance the sampling of kinetics in larger biomolecular systems, and open up sampling of processes such as the folding of small polypeptides.
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APPENDIX A: CROSSING PROBABILITY HISTOGRAMS FOR ALL STATE DEFINITIONS
APPENDIX B: REDUCTION OF THE RATE MATRIX
We can extract the 4-state (β, α, E, F) rate constant matrix from a 6-state (A, B, C, D, E, F) rate constant matrix as follows. First, we focus on the rates between the combined states β and α. Because α = C ∪ D, β = A ∪ B according to our definition, the calculation of k β→α can be divided into four parts: transitions A → C and A → D for paths that start in A, transitions B → C and B → D for paths that start in B. The individual rates for these transition follow from application of Eq. (8).
Combining two rates from the same initial state towards different final states, e.g., k AC and k AD can be done by simply adding them k Aα = φ 1A P A (λ mA |λ 1A )(P A (λ 0C |λ mA ) + P A (λ 0D |λ mA )) = k AC + k AD .
(B1)
The combination of two rates from two different initial states toward the same final states, e.g., k AC and k BC , is slightly more involved. The combined rate is equal to the number of paths that leave the combined state and go on to reach the final state C in a total time t β = t A + t B . The combined rate is thus obtained similar to the combined flux, Eq (10):
The rate constant can be considered as a weighted sum of the two rates, with the weight being the relative residence times. States A and B are close enough to each other to be treated as one combined state, thus the ratio between the total time spent in those two states, t A and t B , could be easily obtained from short MD simulations. k β→α can now be obtained by combining (B1) and (B2)
k αβ was generated in the same way. Rate constants for transitions between α, β and E or F can be calculated as in Eq (B2).
Using the algorithm described above, we can, based on the 6 × 6 matrices obtained from the 6-state simulation, compute two 4 × 4 matrices corresponding to the average of products and product of averages for states β, α, E, and F (see Tables V and VIII) .
APPENDIX C: RATE CONSTANT MATRICES USING THE PRODUCT OF AVERAGES
In addition to applying Eq. (8) for the individual data sets, we can take the average of each of the three factors separately, and then compute the rate constant k ij by taking the product. An average φ 1i can be obtained from ten blocks of MD data. Similarly, we get the average P (λ mi |λ 1i ) and P (λ 0j |λ mi ) for all i → j transitions. Subsequent application of Eq. (8), results in the rate matrices shown in Table VIII . The difference between these results and the ones in Table V are minimal, indicating that the different data sets are uncorrelated.
